A novel approach to quantum communication has demonstrated that placing communication channels in a quantum superposition of alternative configurations can boost the amount of transmissible information beyond the limits of conventional quantum Shannon theory. Instances of this paradigm are the superposition of different causal orderings of communication devices [1] [2] [3] , or the superposition of information carriers' trajectories [4] [5] [6] . Recently, it was argued that the communication advantages presented in [1-3] are not a genuine consequence of indefinite causal order but can be reproduced by the coherent control of devices [6, 7] . Here, we point out that these arguments set up an uneven comparison between different types of quantum superpositions. To shed light on the discussion, we study communication as a resource theory, formally specifying the communication resources and the allowed operations on them. We argue that any reasonable resource theory of communication must prohibit the use of side-channels, which allow a sender and a receiver to communicate independently of the communication channels initially available to them. We show that the communication paradigms introduced in [1-6] are compatible with such a resource-theoretic framework, while the counterexamples proposed in [7] create side-channels.
I. INTRODUCTION
A fundamental task in information theory is quantifying the amount of information that a communication device can transmit. Equivalently, the task is to find the optimal way for a sender to pre-process (encode) information before transmission, and a receiver to post-process (decode) the transmitted data. Claude E. Shannon formalised and answered this question for devices operating according to the laws of classical physics [8] . At the fundamental level, however, the classical laws are just an approximation of the laws of quantum physics, which have major implications for information theory. Quantum processing of data [9] [10] [11] [12] has proven to exhibit communication advantages over purely classical processing [13, 14] . This has led to quantum Shannon theory, which allows information carriers to be encoded in quantum states and processed accordingly, to become the standard general theory of communication [15] .
In a series of recent works, a generalisation of quantum Shannon theory has been proposed where not only the information carriers themselves, but also the ways in which the information carriers propagate in spacetime are quantised [1] [2] [3] [4] . This introduces a second level of quantisation of Shannon theory, generalising standard quantum Shannon theory where the information carriers are quantum but their trajectories remain classical. In the new paradigm, information carriers can follow a superposition of trajectories, leading to superpositions of alternative quantum evolutions [4, 5, 16, 17] . Even more exotically, the available communication channels could be combined in a superposition of different causal orders [1] [2] [3] . This new approach has been shown to yield advantages for a wide range of communication scenarios, achieving rates beyond the possible in standard quantum Shannon theory [1] [2] [3] [4] . The superposition of alternative evolutions was first proposed in Ref. [16] , and first used in the context of information processing in Ref. [5] as the principle behind error filtration [5, 18] . An indefinite causal order of operations, first proposed in the context of quantum information in Ref. [19] , has been shown to yield advantages for a wide range of tasks, including causal games [20] and discrimination of channels [21] , as well as quantum computational advantages [22] .
The works [1] [2] [3] on the superposition of causal orders have been criticised on the grounds that the mechanism responsible for the communication advantages may not be indefinite causal order, but rather the coherent control of devices [6, 7] . However, Refs. [1] [2] [3] only claimed that the superposition of causal orders offers an advantage with respect to standard quantum Shannon theory, where communication devices are composed in a definite order and no coherent control over their configuration is allowed. The converse claim that every advantage over standard quantum Shannon theory is due to indefinite causal order was not made in [1] [2] [3] . In fact, Gisin et al. [5] pointed out that sending information along a superposition of trajectories offers advantages over the standard communication model.
While it is clear that coherent control over devices can lead to communication advantages, it is important to distinguish between different types of coherent control (or equivalently, superpositions, in the language of [1] [2] [3] [4] ). Three distinct types of coherent control have been con-sidered so far: 1. coherent control over independent communication channels [4] [5] [6] 2. coherent control over the causal order of communication channels [1] [2] [3] 3. coherent control over encoding and decoding operations [7] .
These three types of control are conceptually distinct, and some care is required when comparing one to the other.
In this work, we construct a general framework for resource theories of communication, following the general theory of resources proposed in [23] . We formulate a minimal requirement of a resource-theory of communication, namely that no allowed operation should generate sidechannels, which bypass the given communication channels. The framework captures the differences between the different types of control 1-3, and helps clarify various comparisons that have been made across different models.
Applying this resource-theoretic framework, we argue that (a) the comparison between superposition of causal orders and superposition of communication channels proposed in [6] is uneven, because the superposition of communication channels requires stronger resources than the superposition of causal orders, and (b) the examples of communication with control over encoding and decoding given in [7] do not satisfy the minimal requirement of a resource-theory of communication.
In §II of this work, we formalise Shannon theory in a resource-theoretic setting and formulate the minimal requirement that a resource theory of communication should satisfy. §III presents the frameworks of superposition of causal orders [1] [2] [3] and superposition of trajectories [4] [5] [6] , showing that both are consistent with a resource-theoretic description. §IV comments on the comparisons made in Ref. [6] between the two frameworks, while §V argues that the communication protocols in Ref. [7] do not admit a resource-theoretic formulation.
II. A RESOURCE THEORY OF COMMUNICATION
We begin by casting standard quantum Shannon theory into the framework of resource theories [23] . We then extend the framework to general resource theories of communication, arguing that any such theory must not include operations that enable communication independently of the initial resources available to the communicating parties. This is formalised by giving a mathematical definition of side-channel generating operations.
In the following, we denote by H A the Hilbert space associated to a system A. A quantum state ρ on the system A is a linear positive semi-definite operator with unit trace. The set of all quantum states on the Hilbert space H A is denoted by St(A). Further, we denote by Chan(A, B) the set of completely positive trace-preserving (CPTP) maps from St(A) to St(B). When A = B, we write Chan(A) := Chan(A, A). For N ∈ Chan(A, B), the action of N on an input state ρ can be written as
are Kraus operators satisfying the normalisation condition
A. Quantum Shannon theory as a theory of resources A central task in information theory is to quantify the amount of information a given communication channel can transmit. In general, the amount of information can be classical or quantum, or of any other type of interest. To make the quantification unambiguous, it is essential to specify how the given channel can be used. The rules on the possible uses of a given channel can be conveniently stated as resource theory [23, 24] . A resourcetheoretic approach to standard quantum Shannon theory was initiated by Devetak, Harrow, and Winter [25] and more recent formalisations have been proposed in Refs. [1, 26, 27] . A general framework for resource theories was proposed by Coecke, Fritz, and Spekkens [23] . This framework will be adopted in the present paper.
The general form of a resource theory [23] can be summarised as follows. The set of all possible resources is described by a set of objects, equipped with a set of operations acting on them. The set of operations is closed under sequential and parallel composition. For example, the set of operations, hereafter denoted by S, could be the set of all quantum channels (CPTP maps) acting on finite-dimensional quantum systems (the objects). The basic idea of the resource-theoretic framework is to define a subset of operations S free ⊆ S, which are regarded as free. The notion of resource is then defined relative to the set of free operations: a set of resources is free if it is preserved under the set of free operations.
Intuitively, the set of free operation is meant to capture some operational restriction, which makes some operations "easy to implement". Mathematically, S free can be any subset of operations, as long as it is closed under sequential and parallel composition. Different choices of free operations generally define different resources.
In quantum Shannon theory, the input resources are communication channels, or, more precisely, uses of communication channels. For example, the ability to transfer one qubit from a sender to a receiver is modelled as a single use of a single-qubit identity channel. To cast quantum Shannon theory in the resource-theoretic framework of [23] , one has to consider operations that transform input channels into output channels. These operations are known as quantum supermaps [28] [29] [30] . , which is subject to encoding E and decoding D by the sender and receiver, respectively.
B. Direct communication from a sender to a receiver
Consider a two-party communication scenario, where a sender communicates directly to a receiver via a given communication channel. Ref. [28] showed that the most general supermap S transforming a single input channel N into a single output channel S(N ) has the form
where A is an auxiliary quantum system, and E and D are quantum channels. These supermaps define the set of all possible operations on a generic input quantum channel, and play the role of the set S in the resource-theoretic framework of Ref. [23] .
To specify the set of free operations, one has to specify a subset of the set of all supermaps [1, 26, 27] . The standard choice is to regard as free the operations of the form
that is, the subset of operations (1) in which the auxiliary system A is not used. This is depicted in Figure 1 , where the communication channel is drawn in colour, to distinguish it from encoding, decoding and other operations. Operationally, this choice of S free is justified by the fact that the supermaps (2) can be achieved by performing a local encoding operation E at the sender's side and a local decoding operation D at the receiver's side, without requiring the transmission of any auxiliary system. Note that while the supermaps (2) are the standard choice, other choices can be made: for example, one could consider quantum communication with the assistance of free classical communication, in which case the free operations have the form S free (N ) = D • (N ⊗ I clas )• E, where I clas is an ideal classical channel [31] . In the following, however, we will stick to choice (2) .
So far, we have considered operations on a single quantum channel. It is also natural to consider operations on multiple channels, describing communication devices available to the sender and the receiver. Suppose that the sender and receiver have access to k communication devices, described by channels N 1 , . . . , N k , with N i ∈ Chan(A i , B i ) for i ∈ {1, . . . , k}. We denote by (N 1 , . . . , N k ) the resource corresponding to a single use of each device. More broadly, we regard (N 1 , . . . , N k ) as a single use of a multipartite no-signalling channel [32], that is, a CPTP map with k input/output pairs
, with the property that no signal propagates from any subset of inputs {A i } i∈L⊆{1,...,k} to the complementary subset of outputs {B i } i∈{1,...,k}\L .
Physically, the no-signalling channel describes the devices available to the sender and receiver. The use of the devices is specified by a rule on how to place them in between the sender and the receiver. The standard way of placing the devices is in parallel, meaning that all the inputs {A i } k i=1 are localised in Alice's laboratory, and all the outputs {B i } k i=1 are localised in Bob's laboratory. Mathematically, the parallel placement of the no-signalling channel (N 1 , . . . , N k ) is described by a supermap
from the set of no-signalling channels to the set of quantum channels Chan
This amounts to ignoring the no-signalling property, and just regarding (N 1 , . . . , N k ) as an ordinary quantum channel. The parallel placement supermap is a free operation in S free , albeit this time a map from k-input/output no-signalling channels to k-input/output quantum channels.
Once multiple channels are placed into an ordinary quantum channel between Alice and Bob, we obtain a single channel N = N 1 ⊗ · · · ⊗ N k , for which the free operations are (2) as before. Note that although parallel placement of the no-signalling channel is the standard choice, one could also consider other kinds of placements, such as placements in sequence, or even in a superposition, as will be discussed below.
C. Network communication from a sender to a receiver
Consider now a communication scenario where a sender and receiver are connected via a network of communication channels. To begin with, consider the case where Alice and Bob can communicate via a sequence of two communication devices, connected by a single repeater, as shown in Figure 2 . The devices available are two quantum channels N 1 ∈ Chan(A 1 , B 1 ) and N 2 ∈ Chan(A 2 , B 2 ), regarded as the no-signalling channel (N 1 , N 2 ). The use of the devices is specified by placing them in sequence, and connecting them through a repeater channel R. Mathematically, the sequential place-ment is described by a supermap from no-signalling channels to quantum channels:
which returns a channel in Chan(A 1 , B 2 ). Communication through a network of devices connected by several repeaters is described by a direct generalisation of the above example. Suppose that the communicating parties have access to k devices, described by the no-signalling channel (N 1 , . . . , N k ), where N i ∈ Chan(A i , B i ) for i ∈ {1, . . . , k}. The use of the nosignalling channel is again specified by placing it in a particular configuration between the sender and receiver. For example, we could consider the sequential placement corresponding to S seq [(N 1 , . . . , N k )] = N k • R k,k−1 • · · · • R 2,1 • N 1 . More generally, one can consider any placement arising from the composition of sequential and parallel placements. Every such placement defines a valid supermap from no-signalling channels to quantum channels, connecting the sender and receiver.
Finally, the resulting quantum channel between the sender and receiver can be further transformed using the encoding-decoding free operations (2) .
In the following, we will denote the study of communication scenarios involving the parallel and sequential placement of channels between a single sender and a single receiver as standard quantum Shannon theory. When only parallel placement is allowed, we use the expression standard quantum Shannon theory for direct communication.
D. General resource theories of communication
The resource-theoretic description of standard quantum Shannon theory suggests a general scheme for constructing new models of communication. The general scheme is as follows:
1. one use of each communication device is described by a quantum channel 2. uses of multiple devices are described by a single no-signalling channel 3. the placement of the devices in between the sender and receiver is described by a supermap from nosignalling channels to quantum channels 4. the operations performed by the sender and receiver are described by supermaps from quantum channels to quantum channels.
In the above scheme, a resource theory of communication is formulated by specifying which operations are possible in points 3 and 4 above. These operations will be regarded as free. Thus, we now propose a formal definition of general resource theories of communication which extend standard quantum Shannon theory, such as the proposals in Refs. [1, 4] . Let QC be the set of all quantum channels and let NSQC be the set of all no-signalling quantum channels. Definition 1. (Resource theory of communication.) A resource theory of communication is specified by a set S free containing (a) supermaps from NSQC to QC and (b) supermaps from QC to QC, which can be performed for free. S free is closed under both sequential and parallel composition.
Note that the free operations are divided into (a) supermaps from no-signalling channels to quantum channels and (b) quantum channels to quantum channels. Operations of type (b) are interpreted as being performed locally by the sender and receiver. Operations of type (a) are interpreted as being performed by a third party, e.g. a communication provider or nature itself. Physically, the partition of free operations ensures that encoding and decoding operations are performed only after the devices have been placed in between the sender and receiver, thus determining which inputs and outputs are accessible to the sender and receiver, respectively. This is consistent with the standard idea of communication, where the communication equipment is set up first before communication (which includes encoding/decoding) is carried out. Overall, a resource-theoretic formulation of the free operations describes coordinated actions between the communicating parties and the third party.
Maps of type (a) can be freely composed in parallel. Different ways of composing the maps in parallel correspond to the different ways in which a set of communication devices (represented by a no-signalling channel) are placed between the sender and the receiver to establish a communication channel. An operation of type (a) can be composed in sequence with any operation of type (b), i.e. any map of the form (2), corresponding to encoding/decoding by the sender/receiver. Finally, any operations of type (b) can be composed in parallel or sequence, corresponding to all the possible ways in which the sender and receiver could choose to encode and decode the transmitted information.
Mathematically, the different types of channels and nosignalling channels are objects in a symmetric monoidal category, and the free operations S free correspond to the morphisms between them. This matches the general framework of Coecke, Fritz and Spekkens [23] .
The set S free can be specified by a generating set of operations [23] , which represent the basic types of free operations allowed in the theory. Standard Quantum Shannon theory is the resource theory of communication S standard where the allowed operations are generated from the following basic types of free operations (i)-(iii):
(i) Encoding-decoding: For a given channel N , the map S enc−dec : N → D • N • E, where E is an encoding channel performed by the sender and D is a decoding channel performed by the receiver.
(ii) Parallel placement: For two channels N 1 and N 2 , considered as the no-signalling channel (N 1 ,
An example of communication in standard quantum Shannon theory. A message on system M is encoded by the sender through the encoding operation E and is sent through the first noisy channel N0. The message is relayed through a repeater R, which splits M into two subsystems M1 and M2, sending the M1 particle through the noisy channel N1 and the M2 particle through the noisy channel N2, overall achieving a parallel composition of the channels N1 and N2. Finally the receiver decodes the message using the decoding operation D.
the map S par : (N 1 , N 2 ) → N 1 ⊗ N 2 , corresponding to placement in parallel.
(iii) Sequential placement via repeaters: For two channels N 1 and N 2 , considered as the no-signalling
Operation (i) is the only free supermap mapping quantum channels to quantum channels between the sender and receiver, while operations (ii)-(iii) are free supermaps from no-signalling channels to quantum channels, representing the placement of the physical devices (described by a no-signalling channel (N 1 , N 2 )) into a particular configuration between the sender and receiver. An example of a communication set-up using all three generating free supermaps of S standard is illustrated in Figure 3 .
E. Channel capacities in a resource theory of communication
In standard quantum Shannon theory for direct communication between a sender and receiver, the classical (quantum) capacity of a quantum channel N is defined as the maximum number bits (qubits) that can be transmitted over n parallel uses of N , between any allowed encoding and decoding operations, per channel use in the asymptotic limit n → ∞. This is equivalent to the maximum number of classical (quantum) identity channels I clas (I) that the n parallel uses of N can simulate, per channel use in the asymptotic limit n → ∞, using arbitrary encoding/decoding channels [15] . Here, the classical identity channel I clas is defined as the perfectly dephasing channel [15] in a given basis.
In a general resource theory of communication, we again assume the availability of n uses of channel N and generalise parallel placement of these uses, with encoding and decoding, to any placement described by a free supermap. That is, we define the generalised classical (quantum) capacity of N as the maximum number of classical (quantum) identity channels I clas (I) that can be generated using only the free operations of S free , per channel use in the asymptotic limit n → ∞. Other types of generalised capacities can be defined similarly, with respect to some given ideal reference channel.
We assume that parallel placement is always an allowed free operation. Therefore, the generalised capacity of a given channel N in an arbitrary resource theory S free is lower bounded by the capacity of the same channel in standard quantum Shannon theory for direct communication, i.e. where only parallel placement and encodingdecoding are allowed. In particular, this applies to the resource theories proposed in Refs. [1, 4] , which are discussed in Section III. The generalised capacity monotonically increases as the set of free operations is enlarged.
F. A minimal requirement for any resource theory of communication
Formally, every set of free supermaps defines a resource theory of communication. However, such a resource theory may not be a meaningful one. We argue that every meaningful resource theory of communication should satisfy a minimal requirement: the free operations should not allow the sender and receiver to communicate independently of the original communication devices. If this were the case, then it would be impossible to describe the action of an adversary who destroys the communication between the sender and receiver. Such a theory would imply an indestructible communication link between the sender and receiver: the possibility of information transmission would become trivial.
To illustrate this idea, imagine we are interested in the communication capacity of a noisy telephone line between Alice and Bob, where no information can be transmitted under normal circumstances. If Alice were to walk into Bob's lab, he would clearly be able to hear her through the air, but we would not consider this a communication enhancement from the point of view of the original telephone line itself. Here, the air acts as a side-channel between Alice and Bob, which bypasses the telephone line.
The above example has the following structure. Initially, Alice and Bob have a noisy communication channel N acting on some message system M . The operation of Alice moving into Bob's lab can be modelled as a supermap
juxtaposing the noisy channel N with an ideal channel I A ∈ Chan(A) acting on some ancillary system A. Thus, the operation S lets Alice communicate one bit perfectly to Bob, by using the ideal channel I A . This communication "enhancement", however, is independent of the original channel N . Every operation of the form (5) trivialises the notion of communication resource, and therefore should not be allowed in a resource theory of communication. Above, the operation S generates a side-channel, which allows the sender and receiver to communicate independently of their initial communication resources. We now propose a general notion of a side-channel generating operation:
. . , N n ) generates a classical (quantum) side-channel if there exists an encoding operation E and a decoding operation D such that for all choices of no-signalling channel (N 1 , . . . , N n ),
where C is a fixed quantum channel with non-zero classical (quantum) capacity.
We argue that any sensible resource theory of communication should forbid side-channel generating operations:
In a resource theory of communication S free for classical (quantum) communication, no free operation S can be composed which generates a classical (quantum) side-channel.
We stress that Condition 1 is a minimal requirement, and that, in particular cases, one may want to impose even stronger conditions on the allowed operations. For example, one may consider a resource theory of quantum communication where classical communication is not free, hence classical side-channels are forbidden. Moreover, the transmission of quantum information in a particular basis (coherent bit channel) [15] may also be considered a bypassing of the given resources, if the available noisy channel does not affect the chosen basis.
Note, that we are not claiming that every theory satisfying this condition is an interesting resource theory. Rather, our condition sets a bottom line that has to be taken into consideration when defining new resource theories of communication.
It is immediate to verify that standard quantum Shannon theory satisfies Condition 1 of no side-channel generation. In the following Sections we show that 1. quantum Shannon theory with superpositions of causal orders satisfies the condition of no sidechannel generation.
2. quantum Shannon theory with superpositions of trajectories satisfies the condition of no sidechannel generation.
3. quantum Shannon theory with superpositions of encoding and decoding operations violates the condition of no side-channel generation.
In Appendix A, we comment on the difference between our general framework and the related works [26, 27] , and discuss the difference between our definition of sidechannels and the notion of side-channels considered in Ref. [7] .
III. SUPERPOSITION OF ORDERS AND SUPERPOSITION OF PATHS
The set of free quantum supermaps in a resource theory of communication allows for much more general transformations than the usual placement of the n channel uses in parallel or in sequence with repeaters. We begin by formalising the extended paradigms of quantum Shannon theory with superpositions of causal orders and quantum Shannon theory with superpositions of trajectories in the resource theoretic framework defined above. It follows directly that both paradigms are compatible with a resource theory of communication as proposed in Section II.
A. The resources for superposing orders
Consider the extended paradigm of quantum Shannon theory with superpositions of causal orders (SoCO) as a resource theory S SoCO . The generating free operations are (i)-(iii) of standard quantum Shannon theory, complemented by the quantum SWITCH [30] , which maps two quantum channels N 1 , N 2 to a coherent superposition of their causal orderings N 2 • N 1 and N 1 • N 2 :
(iv) The quantum SWITCH S switch maps two channels N 1 , N 2 ∈ Chan(M ), considered as the nosignalling channel (N 1 , N 2 ), into the quantum channel S switch (N 1 , N 2 ), where
Above, {N
i } are Kraus representations of the channels N 1 and N 2 , respectively, and ω is an order qubit, where |0 O and |1 O correspond to the alternative temporal orderings of N 1 and N 2 . The quantum SWITCH S switch , acting on two noisy channels N1, N2 then takes M as an input. The order qubit ω is depicted as an input state to S switch , but can be thought of as an internal parameter of S switch , inaccessible to the sender. The dashed and dotted lines illustrate the two alternative orders of applying N1 and N2, respectively. Finally, the receiver decodes the output of the switched channels via the decoding channel D.
The quantum SWITCH is independent of the Kraus decomposition of the channels N 1 and N 2 .
B. The resources for superposing paths
A second paradigm reaching beyond standard quantum Shannon theory is its extension to superpositions of trajectories [4] . We consider quantum Shannon theory with superpositions of trajectories (SoT) as a resource theory S SoT generated by the free operations (i)-(iii), with the addition of the supermap (iv*), which creates a superposition of two communication channels.
In order to define such a supermap, we introduce the vacuum extension of a quantum channel [4] . A physical apparatus realising a quantum channel N ∈ Chan(C) with input system C exists also in the absence of an input. The overall action of the apparatus is described by the vacuum extension N : it acts as N for an input restricted to C, and as I Vac on a vacuum state |vac vac| ∈ St(Vac) when no particle is input, where Vac is a one-dimensional sector orthogonal to C.
The Kraus operators of N are of the form
where
is a Kraus representation of N , and {γ i } r i=1 are complex numbers called the vacuum amplitudes of N , satisfying i |γ i | 2 = 1. Mathematically, the vacuum extension of a given quantum channel is nonunique [4, 6] . However, in practice, the physics (i.e. Hamiltonian evolution) of a device determines a unique choice of vacuum extension. In this framework, the initial communication resource between the sender and receiver is N , rather than the channel N (however, note that information can only be encoded into the non-vacuum sector).
Given two systems C and D, with corresponding vacuum-extended systems C := C ⊕ Vac and D := D ⊕ Vac, we can construct the composite system C ⊗ D. This composite system contains a no-particle sector Vac⊗Vac, a one-particle sector (C ⊗ Vac) ⊕ (Vac ⊗ D), and a twoparticle sector C ⊗ D. The one-particle sector is isomorphic to the direct sum C ⊕ D, since Vac is onedimensional.
In the context of the communication protocols considered here, the noisy communication channels N 1 ∈ Chan(C) and N 2 ∈ Chan(D) act on a particle with an internal message degree of freedom M , such that M ≃ C ≃ D. We then have C ⊕ D ≃ M ⊗ P , where P is a two-dimensional degree of freedom, here taken to be the path of the information carrier.
With the corresponding vacuum extensions N 1 and N 2 , the supermap (iv*) can be defined as the restriction of the product channel N 1 ⊗ N 2 ∈ Chan( C ⊗ D) to the oneparticle sector (C ⊗ Vac) ⊕ (Vac ⊗ D):
(iv*) The superposition of two channels N 1 ∈ Chan(C) and N 2 ∈ Chan(D), specified by the vacuum extensions N 1 and N 2 (considered as the no-signalling channel ( N 1 , N 2 )) is given by
where the isomorphism U = U (·)U † is defined by
The state of the path P is given by ω, where |0 P and |1 P represent the alternative trajectories of the message M .
The action of the supermap S sup is given by the Kraus operators
where {γ i } and {δ j } are the respective vacuum amplitudes of channels N 1 and N 2 . The superposition specified by vacuum extensions (iv*) is a supermap from vacuum extensions of no-signalling channels to ordinary quantum channels, with the input ( N 1 , N 2 ) formally considered as a vacuum extension of a single no-signalling channel. Physically, this corresponds to placing the given communication devices into a configuration for communication between the sender and receiver. A communication protocol using the superposition specified by vacuum extensions is shown in Figure 5 .
The transformations (iv) and (iv*) can be generalised to maps acting on k channels. The corresponding definitions are given in [2] and [4] , respectively.
Communication through the superposition specified by vacuum extensions of two channels. The sender encodes a message M using the encoding channel EM . The path P is given in a fixed state ω, inaccessible to the sender. The composite system M ⊗P is mapped into the one-particle subspace of the composite system C ⊗ D by the unitary channel U. The product channel N1 ⊗ N2 acts on the one-particle subspace of the composite system C ⊗ D, which is then mapped back into the system M ⊗ P by the unitary channel U † . Finally, the decoding channel D is used by the receiver to decode the message.
C. No-signalling conditions on encoding and repeaters
The free operations (iv)/(iv*) involve additional systems to the message system M , referred to as the order/path qubit. This restricts the allowed free operations: clearly, if any encoding E and repeater R were allowed then the order/path qubit ω could be used as an additional information carrier. In this case, the extended communication paradigms simply reduce to standard quantum Shannon theory with a larger Hilbert space, while the order/path acts as a (noiseless) sidechannel to bypass the available noisy channels [4] .
Hence, to be compatible with the minimum requirement of no side-channel generation, we restrict ourselves to the case where the order/path qubit ω is unavailable to the sender as an additional information carrier. This translates to a natural condition for any encoding channel E : St(M ) → St(M ⊗ C), where M is the message system and C ∈ {O, P } is an ancillary control system:
The encoding must factorise into an encoding E M of the message (equivalent to the encoding operation in standard quantum Shannon theory) and a preparation of a fixed path or order qubit ω C . Similarly, any repeater channel R :
On the other hand, we assume that the receiver is able to make measurements on the path or order qubit, meaning that any global decoding channel D : St(M ⊗C) → St(M ) is allowed. This way, the question of how much information can be transmitted through a noisy channel reduces to a question relating to the message system M alone, as is the case in standard quantum Shannon theory.
Note, that the SWITCH and superposition supermaps could alternatively have been defined with the order/path qubits as part of their definitions, i.e. S ω switch (N 1 , N 2 )(·) and S ω sup ( N 1 , N 2 )(·), taking only a message state ρ as input. This would enforce Equations (12)-(13) to be satisfied automatically. Nevertheless, in this case, the preparation of the order/path qubit ω is still a state preparation, which takes place before the communication channels. Hence, the preparation can be considered an "internal" encoding operation on the order/path qubit. It is in fact possible to construct supermaps which have internal encodings that do signal from the message to a control qubit. This enables the control to be used as an additional information carrier, as shown in Equation (14) below. Equations (12)-(13) therefore apply to any encoding operations, whether included in the definition of a given supermap or not.
D. Superposition of orders or paths does not generate side-channels
We now show that the supermaps (iv) or (iv*), combined with (i)-(iii), do not generate side-channels. N 2 ) be the quantum SWITCH. No supermap composed from S switch (iv), parallel placement (ii), and/or sequential placement via repeaters (iii), satisfying conditions (12) and (13), generates side-channels. Proposition 2. Let S sup : ( N 1 , N 2 ) → S sup ( N 1 , N 2 ) be the superposition of two channels N 1 , N 2 specified by the vacuum extensions N 1 , N 2 . No supermap composed from S sup (iv*), parallel placement (ii), and/or sequential placement via repeaters (iii), satisfying conditions (12) and (13), generates side-channels.
The proofs are given in Appendix B. Since standard quantum Shannon theory does not generate sidechannels, Propositions 1 and 2 are sufficient to show that both the extended paradigms with superpositions of trajectories or superpositions of causal orders satisfy Condition 1 of no side-channel generation.
IV. COMMENTS ON THE COMPARISONS IN ABBOTT ET AL.
With the free operations for superposition of trajectories and superposition of causal orders clarified, the comparison between these two paradigms in [6] can be assessed. The authors of Ref. [6] give an example of a protocol where two completely depolarising channels N dep (ρ) = Tr(ρ)I/d with input dimension d are put in a superposition of trajectories. They show that this protocol achieves a Holevo information (a lower bound for the classical capacity [15] ) greater than that achievable by putting the two completely depolarising channels in the quantum SWITCH [1] . The comparison is presented as being between two alternative ways to take two zerocapacity quantum channels and map them to a new quantum channel. The authors argue that instead of indefinite causal order, the communication advantages of the quantum SWITCH "should therefore rather be understood as resulting from coherent control of channels," a phenomenon common to both paradigms.
It is indeed correct that the superposition (or equivalently coherent control) of channels is generically the structure responsible for these two enhancements (and for many others as well). However, the specific comparison made in [6] is uneven, because it compares two different types of initial resources.
Firstly, the superposition of channels as constructed in [6] depends not only on the channels themselves but also on the particular implementation of the channels with the environment, as stated by Abbott et al. in their paper. The input resources, therefore, are not the two channels being superposed. In [4] , it was shown that an operational way to realise the superposition of channels is to use a vacuum extension of each of the quantum channels. In the formalism of quantum Shannon theory with superpositions of trajectories, the input resource is therefore two vacuum-extended channels, while in quantum Shannon theory with superpositions of causal orders the input resource is two quantum channels. A vacuum-extended channel is a stronger resource than the corresponding channel, because the vacuum extension also provides coherence with the vacuum. The coherence with the vacuum is essential for the advantages shown in Ref. [6] , because without such coherence one would only have a classical mixture of channels, rather than a coherent superposition. In summary, the advantages of Refs. [1] and [6] arise from different input resources, with the resources used in [1] being strictly weaker than the resources used in [6] .
Secondly, the number of noisy channels that each branch of the superposition travels through is different in the two protocols of Refs. [1] and [6]:
1. in Ref. [6] , the particle travels through channel N 1 or channel N 2 2. in Ref. [1] the particle travels through channel N 1 and through channel N 2 , in a superposition of two alternative orders.
From this point of view, there is little surprise that Scenario 1 is less noisy than Scenario 2, given that in Scenario 2 the particle is exposed twice to noise, as indeed already noted in Ref. [6] . One may argue that the distinction between Scenarios 1 and 2 is irrelevant when N 1 and N 2 are depolarising channels, because in that case N 1 •N 2 = N 2 •N 1 = N dep . However, the input resource for the superposition of two channels is not the channels N 1 and N 2 themselves, but rather (a choice of) their vacuum extensions N 1 and N 2 , and in general, the relation N 1 • N 2 = N 3 does not imply the relation N 1 • N 2 = N 3 . In particular, the relation N dep • N dep = N dep is always false, except for vacuum extensions N dep that have no coherence with the vacuum, and therefore lead to no advantages over standard quantum Shannon theory [33] .
For these reasons, we argue that the specific comparison between the quantum SWITCH [1] and superposition of independent communication channels presented in Ref. [6] is problematic from a resource-theoretic point of view. However, the initial question posed in Ref. [6] to what extent indefinite causal order per se, as opposed to the common element of coherent control, is responsible for the communication advantages of the quantum SWITCH is an interesting open question, and a fair resource-theoretic comparison between the two paradigms is yet to be made.
There are, however, several indications that indefinite causal order indeed exhibits distinct advantages from the coherent control of channels alone. First, in Ref. [3] it was shown that perfect quantum communication through two zero quantum capacity channels is possible via the quantum SWITCH, but impossible through the coherent control of such channels. Second, in the recent work of Ref. [34] , the ratio between the Holevo information χ switch (N , N ) of the quantum SWITCH acting on two random unitary channels N and the Holevo information χ sup ( N • N , N • N ) of a coherent superposition of two sets of two copies of the same channels (with vacuum amplitudes 1/ √ d) was studied. The ratio χ switch (N , N )/χ sup ( N • N , N • N ) was found to always be greater than one (for the above choice of vacuum extension) and positively correlated with the amount of anti-commutativity of the Kraus operators of N . In Ref. [33] , a sequence of two completely depolarising channels N dep • N dep in d = 2, realised through a uniform randomisation over the Pauli unitaries, was studied. The Holevo information χ sup ( N dep • N dep , N dep • N dep ) of the superposition of two copies of N dep • N dep , over all vacuum extensions N dep • N dep where each random unitary is extended to a random unitary, was found to always be less than the Holevo information χ switch (N dep , N dep ). This provides numerical indications that the communication advantages of the quantum SWITCH arise from an interplay between the coherent control of channels and the non-commutativity of the Kraus operators (a feature not present in the superposition of independent channels) [34] . Further understanding of this effect is an interesting subject for future work.
V. REPLY TO GUÉRIN, RUBINO & BRUKNER
The recent paper by Guérin, Rubino & Brukner [7] argues that the quantum SWITCH should be compared to a general class of operations termed "superpositions of direct pure processes" in order to claim communication advantages. In this Section we analyse their arguments and examples, concluding that such a comparison rests on a communication model that violates the basic resource-theoretic framework. First, we reply to two criticisms directed at the papers [1] [2] [3] . Then, we analyse more closely the model of communication proposed in Ref. [7] , showing that it violates the no side-channel generation minimal requirement for a resource theory of communication.
A. Reply to criticisms
Refs. [1] [2] [3] proved that a quantum Shannon theory enriched with the quantum SWITCH offers advantages over standard quantum Shannon theory. Ref. [7] criticises the restriction of the comparison to standard quantum Shannon theory, writing "[. . . ] it is also important to keep a relatively large class of causally ordered processes against which the process under consideration can be compared; otherwise any advantage would be empty of practical significance."
We argue however, that standard quantum Shannon theory underpins all implementations of quantum communication currently considered for practical purposes. This being said, we agree with the authors of Ref. [7] that it is interesting to contrast the superposition of causal orders with other extensions of quantum Shannon theory. A discussion of the particular extension proposed in Ref. [7] is provided in the following Subsections. We show that this extension does not satisfy the minimal requirement for a resource theory of communication: the operations proposed in Ref. [7] generally create side-channels.
Ref. [7] also criticises the use of causal activation to describe the phenomenon in Refs. [1] [2] [3] of achieving a nonzero capacity when combining two zero-capacity channels in a superposition of alternative orders. The reason for the criticism is that " [. . . ] there are causally ordered processes that offer the same advantages and can be considered as equivalent resources."
Whether the advantages and the resources are the same is unclear, given that one model of communication generates side-channels and the other does not. We stress that the term "causal activation" is used as a label to describe the type of activation arising from the superposition of causal orders, but is not meant as a statement about the origin of the advantage. The fact that zerocapacity channels can be activated in a fixed causal order was already known from the seminal work of Smith and Yard [35] . Activation phenomena through superpositions of communication channels were already implicit in the work by Gisin et al. [5] , and have been considered recently by Abbott et al. [6] and by two of the authors of this work [4] .
B. The framework of SDPPs
The authors of Ref. [7] argue that quantum Shannon theory with superpositions of causal orders should be 6: A map which can transfer classical information through a side-channel, for any noisy channels acting on the message. A control qubit C is prepared in the state |+ and is sent together with the message M through a CNOT gate. If the message is initialised in either of the states |± , then its joint interaction with the control through the CNOT will output the state |± in C. The receiver is thus able to decode the original message by measuring the control qubit, irrespective of what noisy channels N1 and N2 act on the message itself.
considered within a general framework of "superpositions of direct pure processes" (SDPPs), which includes the quantum SWITCH: "It seems that any reasonable resource theory that contains the quantum switch-a superposition of direct pure processes with different causal ordersshould also allow superpositions of direct pure processes with the same causal order " [7] . It is argued, therefore, that the advantages of the quantum SWITCH should be compared to SDPPs with a definite causal order. Translating into the resource-theoretic framework presented in this paper, SDPPs are maps which take a nosignalling channel (N 1 , N 2 ), and return a (correlated) superposition [4] of k channels which are individually of the form
. . , k}, for some encoding, repeater and decoding operations E j , R j and D j . (Here, a superposition of two channels A ∈ Chan(A) and B ∈ Chan(B) is defined in the most general way following [4] as any channel S ∈ Chan(A ⊕ B) which acts as A (B) when the input is restricted to a state in sector A (B).)
SDPPs with a definite causal order are then defined as SDPPs which are superpositions of only one of the above two forms of channels, i.e. with N 1 and N 2 occurring in the same order in all branches j of the superposition.
These superpositions are defined in such a way that they are valid functions of the original channels N 1 and N 2 . Physically, we can think of SDPPs as operations where the encoding and decoding operations are in a quantum superposition. This is different from the paradigm of quantum Shannon theory with superpositions of trajectories [4] , where only the given communication channels are put in a superposition.
C. SDPPs generate classical side-channels
One example of SDPPs is the supermap
where C is a control qubit initialised in the state ω = |+ +| and V X := V X † (·)V X is the CNOT gate acting on both the control C and message M , defined by
This protocol is depicted in Figure 6 .
As the authors remarked, the map F enables perfect classical communication of one bit using the phase kickback mechanism of the CNOT gate: the information is transferred from the message M to the control C before either of the noisy channels are applied [36] . Although the supermap does not allow for direct encoding onto the control qubit, the CNOT gate acts as an "internal" encoding channel within the supermap that transfers information from the message to the control qubit.
This informal analysis is consistent with our definition of side-channel generating operations (Definition 2). The operation F generates a classical side-channel, independent of the initial communication resources N 1 and N 2 . Indeed, one can consider the encoding channel E = I M ⊗ |+ +| C , which initialises the control qubit in the state |+ , and the decoding channel D = Tr M , which discards the message qubit. The result is the channel
which is independent of N 1 and N 2 and provides a perfect transmission line for classical communication.
The authors of Ref. [7] also consider a specific interferometric implementation of the operation F defined by Equation (14) , which they argue can avoid the criticisms above. In Appendix C, we analyse the interferometric arguments and conclude, in contrast to Ref. [7] , that our above analysis of side-channel generation still applies to the interferometric implementation.
More generally, a large class of SDPPs generates classical side-channels:
where C is a control qubit and V := V † (·)V is a controlunitary channel defined by
where U M is a unitary acting on the message M . Then the map F generates a classical side-channel if U M is not a multiple of the identity.
The proof of this proposition is given in Appendix B. Proposition 3 shows that any communication paradigm that includes SDPPs allows the generation of sidechannels, and hence does not satisfy the minimal requirement of a valid resource theory of communication. A map which can transfer quantum information through a side-channel, for any noisy channels acting on the message. Two control qubits C and D are each prepared in the state |+ . A message M in state ρ is to be communicated. The composite system M ⊗ C is sent through a CNOT gate, followed by the composite system M ⊗ D going through a CPHASE gate. As shown in Equation (21), the receiver is able to recover the original input by measuring the control qubit D and performing a conditional correction on C, independently of the choice of noisy channels N1 and N2 that act on the message itself.
D. SDPPs generate quantum side-channels
In Appendix B of Ref. [7] , the authors present an SDPP which "allows us to perfectly transmit one qubit of quantum information, for all channels [. . . ]" and continue by saying that it "generalises, and improves upon, the observations made in the main text." This statement is an explicit acknowledgement that the SDPP model permits the strongest possible kind of side-channels: perfect sidechannels for quantum communication. In fact, one can improve it even further: here we show that the same perfect qubit side-channel can be generated with only two control qubits, instead of the four control qubits used in Ref. [7] .
The supermap which accomplishes this task uses two control qubits C and D, in addition to the message qubit M . Explicitly, the map is given by
where M is the message system, C and D are control qubits, and V X and V Z are the CNOT and CPHASE gates, respectively, defined by
Above, X and Z are the Pauli gates. This protocol is depicted in Figure 7 . Explicit calculation reveals that for both control qubits initialised in the |+ state, we obtain
Therefore, the initial state ρ can be perfectly recovered independently of the noisy channels N 1 and N 2 , by measuring D in the Fourier basis and then applying a NOT gate on C if the outcome is |− . The supermap defined by Equation (19) is an example of a map that generates a (perfect) quantum side-channel, as it can perfectly transmit one qubit of quantum information for any choice of noisy channels. The authors of Ref. [7] conclude with regards to their protocol: "This example shows that SDPPs [...] can be used to perfectly send one qubit of information, essentially trivialising the problem of enhancing quantum and classical channel capacity if one were to take the set of all SDPPs as a resource". We agree, and argue that this is the reason why the set of all SDPP does not define a sensible resource theory of communication.
VI. SUMMARY AND OUTLOOK
We have proposed a general framework to study theories of communication, such as quantum Shannon theory, in the light of resource theories as introduced in Ref. [23] . A resource theory of communication is specified by a generating set of free operations, which transform a no-signalling quantum channel representing the available communication devices into a quantum channel from the sender to the receiver. We formulated a minimal requirement for every resource theory of communication that extends standard quantum Shannon theory. The requirement is that no allowed operation should be able to generate side-channels, which bypass the channels initially available to the communicating parties. We have shown that quantum Shannon theory with superpositions of trajectories of information carriers [4] and quantum Shannon theory with superpositions of causal order of communication channels [1] satisfy this minimal requirement, while the extension proposed in Ref. [7] does not.
We pointed out the importance of distinguishing between different forms superposition (or coherent control), rather than conflating them into a generic label. Specifically, we distinguished between three different types of superpositions: the superposition of causal order of communication channels, the superposition of independent communication channels, and the superposition of encod-ing/decoding operations. We observed that the superposition of causal orders is in principle different from the superposition of communication channels, because these two different superpositions use different input resources (the original channels in the former case, and an extension of the original channels in the latter). In turn, the superposition of orders and the superposition of communication channels are strikingly different from the superposition of encoding/decoding operations, in that the former do not generate side-channels, while the latter does.
The definition of resource theories of communication could be extended to allow correlated quantum channels (formally, one-way signalling channels instead of nosignalling channels) as input resources, where the noisy processes occurring in the application of a device at time t + 1 may be affected by the application of the same device at time t. Such correlated channels, also known as quantum memory channels [37, 38] , have been formalised in the framework of quantum combs [28, 29] and non-Markovian quantum processes [39, 40] , and have been shown to provide interesting communication advantages over non-correlated channels [4, 33, 37] .
The resource-theoretic framework proposed in this paper allows for a rigorous comparison between different forms of superpositions (or equivalently, coherent control) of processes and an analysis of their impact on communication. N 2 ) be the quantum SWITCH. No supermap composed from S switch (iv), parallel placement (ii), and/or sequential placement via repeaters (iii), satisfying conditions (12) and (13), generates side-channels.
Proof.
The encoding and repeater operations of quantum Shannon theory with superpositions of causal orders satisfy Equations (12) and (13) respectively, hence no choice of message state can affect the state of the order qubit O. This means that it is sufficient to show that the map S ⊗n ω , where S ω (N 1 , N 2 )(·) := S switch (N 1 , N 2 )(·⊗ω), does not generate side-channels. This is done by showing that there exists an adversarial choice of channels (N 1 , . . . , N 2n ) which when input in the map S ⊗n ω results in a fixed constant channel for any n.
Let the message M be a d-dimensional quantum system. Let {U i ∈ Chan(M )} be a set of d 2 orthogonal unitary operators. Then there exists a set of unitary operators {T i } such that for each i,
where the unitary channel U i (·) := U i (·)U i . Now, if the input to the quantum SWITCH is a uniform randomisation (considered as a no-signalling channel) over the channels {(T i , T i )}, where T i (·) := T i (·)T i , then the output channel is a uniform randomisation over the channels {U iM ⊗I O }. This is equivalent to the completely depolarising channel on the message M , which is a fixed constant channel, independent of the input state. For any n copies of the quantum SWITCH used in parallel, an independent uniform randomisation over the channels {(T i , T i )} for each copy of the quantum SWITCH achieves a completely depolarising channel on M ⊗n , which has zero classical (and hence quantum) capacity.
be the superposition of two channels N 1 , N 2 specified by the vacuum extensions N 1 , N 2 . No supermap composed from S sup (iv*), parallel placement (ii), and/or sequential placement via repeaters (iii), satisfying conditions (12) and (13), generates side-channels.
Proof. Similarly to the case of the quantum SWITCH, the encoding and repeater operations of quantum Shannon theory with superpositions of trajectories satisfy Equations (12) and (13) respectively, hence no choice of message states can affect the state of the path qubit P . It is therefore sufficient to prove that the map S ⊗n ω , where S ω ( N 1 , N 2 )(·) := S sup ( N 1 , N 2 )(· ⊗ ω) does not generate side-channels.
The set of allowed channels in quantum Shannon theory with superpositions of trajectories is the set of all vacuum extensions of quantum channels. Therefore, we can pick the adversarial channels to be vacuum extensions of any erasure channels N 1 (ρ) = |φ φ| M , N 2 (ρ) = |ψ ψ| M , that have no coherence with the vacuum, i.e. such that the vacuum amplitudes ν (1) i = 0 whenever the original Kraus operators N (1) i = 0 (and similarly for N 2 ). In general, the superposition of two identical channels with vacuum extensions that have no coherence with the vacuum is given by
where ω nm = n| ω |m [4] . Therefore, for the aforementioned choice of channels, the output is the same for every input state ρ, such that S ω ( N 1 , N 2 ) is a fixed constant channel, independent of the input state. For n copies of S sup in parallel, where each copy of S sup takes as input two vacuum extensions of erasure channels with no coherence with the vacuum, the overall output is again a fixed constant channel on M ⊗n , which has zero classical (and hence quantum) capacity. Proposition 3. Let F be the supermap
Proof. Let |ϕ 0 and |ϕ 1 be two eigenstates of U M , with corresponding eigenvalues e iϕ0 and e iϕ1 . Then
where U j = |0 0| + e iϕj |1 1|, j ∈ {0, 1}. Let ω be any state that is not diagonal in the computational basis {|0 , |1 }. Assume that U M is not a multiple of the identity. Then, the output states F (N 1 , N 2 )(|ϕ j ϕ j |⊗ ω) for j ∈ {0, 1} are distinct. It follows that
where Tr M (·) is a decoding operation. This has distinct output states for j ∈ {0, 1} and therefore classical capacity greater than zero, and is independent of the channels N 1 and N 2 .
Appendix C: Reply to the interferometric arguments of Guérin, Rubino & Brukner
A specific interferometric setup of the operation F , defined by Equation (14), is also considered in Ref. [7] , which consists of applying the same composite noisy channel N 2 • N 1 on both spatial modes 0 and 1 of the interferometer, but preceded by a NOT gate on mode 1 only. It is argued that viewed this way, the objection that F signals from the message to the control before the noisy channels are applied can be avoided. This interferometric setup is depicted on the right-hand side of Figure 8 , while an equivalent interferometric simulation of the quantum SWITCH is given on the left-hand side of the same figure.
The authors of Ref. [7] claim that "[t]he state of the photon at time t * (just before any noisy channel gets applied) is exactly the same in both implementations". However, this statement is contradictory. In the simulation of the quantum SWITCH, the time just before application of the noisy channels is indeed t * , where the photon is in the same state in both spatial modes. However, in the implementation of the SDPP F of Equation (14) , the point in time just before the application of the In both diagrams, the small white squares are beam splitters and the combed line is a mirror. The dashed and dotted lines represent the alternative paths taken by the photon in a superposition. Note that this is not a formal circuit diagram, such that the two applications of each channel N1 and N2 are not independent. Since the dashed and dotted lines in the right-hand figure are different branches of the superposition, the time at which the NOT operation X on the dotted line takes place can only be compared to the channels N1 and N2 in this branch. It is an artefact of the the diagram to draw the conclusion that the NOT gate X occurs at the same time as N1 in the other branch.
noisy channels is at time t * for the 0 mode, while after the NOT gate (which itself occurs at t * ) for the 1 mode. The crucial observation is that the state of the photon just before passing through the noisy channels is different in the two spatial modes. Physically, this corresponds to the fact that on the 0 mode, the photon is directly routed to the noisy channel N 1 , while it first undergoes a NOT gate on mode 1. This is precisely the action of a CNOT gate, and therefore this physical implementation establishes a side-channel. It is argued in [7] that the NOT gate could be considered part of the communication channel on branch 1, rather than part of a CNOT encoding operation. However, applying operations to the information carriers before they pass through the noisy communication channels is precisely the definition of encoding, independent of the relative times at which these operations occur on the two modes. Comparing with the paradigm of quantum Shannon theory with superpositions of trajectories, it can be seen that the presence of two different encoding operations on the two paths is equivalent to a global encoding operation E which does not factorise into an encoding on the message and preparation of a path state (as required in quantum Shannon theory with superpositions of trajectories, cf. Equation (12)), allowing signalling from the message to the path.
